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Abstract. In this note we shall discuss the decomposition theorem of Hayman and 
Lyons [9] for positive continuous functions. In §2 we show that their result can be 
deduced from a minimum principle of Dahlberg [5]. In §3 we study the method of 
[9] and ask to what extent one can generalize the theorem of Hayman and Lyons to  
continuous functions defined on compact surfaces in space. Finally in §4 we consider 
briefly some general decompositions of continuous functions.

1. Introduction
Let X  be a compact Hausdorff space and let C+(X)  be the cone of positive 

continuous functions on X.  In a recent paper Hayman and Lyons [9] asked for 
what subsets A  of C+(X)  is the cone spanned by A  dense in C+(X)  in the uniform 
metric. They showed that this is equivalent to the following question: for what 
A  does every lower-semicontinuous and strictly positive numerical function on X  
have a representation

OO

f  = ^ 2 xkuk (1)
k=  1

where the Uk belong to A  and the A* are non-negative scalars in the sense that 
for each x  in X  both sides of (1) are finite and equal or both are infinite. Such a 
representation is called an atomic decomposition and the elements of A  are called 
atoms. We note that in general sets of atoms differ from bases in that one generally 
forgoes the requirement of uniqueness in (1). Atomic decompositions arise naturally 
in the study of certain spaces of analytic functions and sometimes give simplified 
proofs of the basic properties of the spaces in question, (in general the scalars 
in (1) belong to some suitable sequence space and by (1) we mean that the series 
converges in norm.) We refer to [4] and [2]. Hayman and Lyons specialised to the 
case where X  is taken to be the unit circle T in the complex plane and the atoms 
are Poisson kernels Pz(£), where

* € D  =  {* : |z| < 1},« 6 T.

They completely characterized those subsets E  of the disc D such that the cone 
spanned by A  =  {-Pz(£) : 2 6 E}  is dense in C+ (T) thereby solving a problem of 
Walter Rudin. Following [3] we shall call such subsets of the disc Positive Poisson 
Basic sets or PPB sets. To proceed with our discussion we recall the basic facts 
about Whitney cube decompositions. By a cube in R n we mean a closed cube with 
sides parallel to the coordinate axes. Two cubes Q i and Q2 are disjoint if their 
interiors are disjoint. If fI is an open set in R n with non-void complement F  then 
we can express f2 as a union of disjoint cubes Qk, k = 1, 2, . . . ,  such that

diam(Qfc) < dist{Qk,F) < 4diam(Qfc).
We refer to [13] for details. We may now state
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Theorem  1. [9] Suppose that E  C D , {Qfc}i° is a Whitney cube decomposition
of D , Zk the centre of Qk, and that Ef. =  EC\Qk, k =  1 ,2 ,___ Then E  is a PPB
set if and only if

Ek̂ 0

for all £ in T.

Using successive approximation it is easy to find decompositions of C'+ (T) using 
Poisson kernels as building blocks. The remarkable thing about Theorem 1 is 
that it says how PPB sets must be distributed near T. Bonsall and Walsh [3] 
take a different approach to this problem. Let h1 denote the usual Hardy class of 
differences of positive harmonic functions on D. They show using duality that E  
is a PPB set if, and only if, E  is a set of determination for h1. That is,

sup h(z) =  sup h(z), for all h in h}. (3)
z E E  z€ id

From this condition they deduce that if E  satisfies a simple geometrical criterion 
then E  is a PPB set. (See Corollary 14, [3]). However they are unable to deduce the 
conclusion of Theorem 1 from (3), the main problem being the application of the 
classical Fatou theorem on nontangential limits. Let /j, be a finite complex-valued 
Borel measure on T and let ^ ( z )  denote as usual the harmonic extension of /i. 
Fatou’s theorem says that the non-tangential limit of ̂ ( z )  exists for almost every £ 
on T  and is equal to //(£ ). (See [11], p. 34). However non-tangential limits are not 
particularly well-adapted to studying the boundary behaviour of superharmonic 
functions. An important generalisation of Fatou’s theorem is the relative Fatou 
theorem of Naim and Doob for superharmonic functions. Here non-tangential limits 
are replaced by minimal fine limits: let fl be a Greenian subset in R n. The minimal 
fine limit of u(x) at a boundary point £, denoted by mf limx_>̂ w(x), is the limit 
of u(x) as x —* £ outside a minimally thin set. (We refer to §3 for definition of a 
minimally thin set.) Let u(x) be a positive superharmonic function in U (whose 
harmonic part has measure v on dQ) and let h(x) be a strictly positive harmonic 
function in Q (with measure // on dQ). The relative Fatou theorem says that

mnim^ W )  =  i { 0 ' (4)
//-almost everywhere on dQ, where the derivative on the right-hand side is the 
Radon-Nikodym derivative of the absolutely continuous component of u with re
spect to fi. (See [6], Chapter XII, Theorem 19.) It is not in general possible to 
give a simple geometrical description of minimally thin sets. This depends on the 
nature of the domain in question. We refer to [6], p.221 ff. for a discussion of 
minimal-fine, non-tangential and radial approach to the boundary.

Actually it is easy to establish a Hayman-Lyons type theorem when X  =  dO, is a 
Liapunov-Dini surface in ]Rn. The corresponding domains f\ are known to possess 
a Poisson kernel Px(0 i  (defined to be the normal derivative of the Green’s function 
for Q with pole at x) such that
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for some positive constants a and (3, where 6(x) denotes the distance of x to X . We 
refer to [5] for the definition of a Liapunov-Dini surface and the basic properties 
of the Green’s function and Poisson kernel. Geometrically the surface is locally 
egg-shaped and includes spheres and ellipsoids in R n, but it cannot have corners 
a Lipschitz surface. Thus a Liapunov-Dini surface is Lipschitz, but the converse 
is false. From now on in our discussion X  will a Liapunov-Dini surface, ft the 
corresponding Liapunov-Dini domain in R n, n >  3, and for £ on X , s(£) will be 
the new series

where {Qk} is a Whitney cube decomposition of ft, Xk is the centre of Qk and 
S(xk) is the distance of Xk to X . The definitions of P P B  sets and h1 are modified 
accordingly. We note that the duality method of [3] is quite general and applies to 
domains much more general than those which we will consider here.

In [5], Dahlberg considers the problem of determining point measures at some 
(o on X : we say that a subset E  of ft determines point measures at £o £ X  if for 
every non-negative Borel measure /z on X  we have

Dahlberg proves that E  determines point measures at £o if, and only if, s(£o) =  +oo. 
Thus E  is a PPB set if, and only if, E  determines point measures for all £o in X . 
We thus have a number of equivalent conditions for a set E  to be a PPB set and 
we state these in the following theorem.

Theorem  2. Let E  be a subset of ft. Then the following statements are equivalent:

(i) E  is a PPB set,

(ii) s(£) =  +oo, for all £ in X ,

(iii) sup h(x) =  sup h(x),for all h in h},
xge xen

(iv) E  determines point measures for all £ in X .

Dahlberg’s theorem is equivalent to the following weak minimum principle: sup
pose that E  determines point measures at some £o> that h(x) is a positive harmonic 
function in ft, m  is a constant and that h(x) >  m Pj((o) for all x in E. Then the 
same inequality holds in all of ft.

The key step in the proofs of both Theorem 1 and Dahlberg’s theorem uses the 
following important and fundamental theorem.

Theorem  3. Suppose that u(x) is a nonnegative superharmonic function in a 
Liapunov-Dini domain ft and that
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where £o € X  =  dCl. If E  — {x  : u{x) > -Px(£o)} then

f  dV(x)
/  i----- < °°>

Je \x -£o|n

where dV denotes volume measure on R n.

The proof of Theorem 3 is quite difficult. It is the key step in proving Wiener 
conditions for minimally thin sets. Dahlberg ([5], Lemma 3) deduces the conclusion 
of Theorem 3 under slightly more restrictive hypotheses using Carleman means and 
a result about Gegenbauer functions. Sjogren [12] gives another proof of Theorem 
3 using the Riesz decomposition of u(x) and convolution sets. The present author 
has given a full proof of Theorem 3 using a simplification of Sjogren’s techniques 
in [7],

This note has a threefold purpose. Firstly in view of the central position of The
orem 3 in the work of both Hayman and Lyons, and Dahlberg (which incidentally 
precedes the former by twelve years), it would seem expedient to give a concise and 
self-contained proof of Theorem 2 with the minimum of technical material. In §2 
we show how to deduce the Hayman-Lyons result from [5] using only the relative 
Fatou theorem. However there are aspects of the theory of PPB sets which be
come more transparent in the method of Hayman and Lyons. Thus in §3 we study 
their method. In particular we ask to what extent the Hayman-Lyons theorem 
generalises to cones of positive continuous functions defined on compact surfaces in 
R n. Using the standard language of potential theory we formulate the key parts of 
the Hayman-Lyons method. We see that we can always have a potential theoretic 
criterion for PPB sets. Formulating this into a metric condition (viz. Theorem
2, (ii)) depends on the nature of the surface. Finally in §4 we discuss briefly the 
Hayman-Lyons theorem for other kernels. We note that Stephen Gardiner [8] has 
also given a proof of (ii) (iii).

Much of this work was carried out while the author was a doctoral student of 
Professor W.K.Hayman, F.R.S. to whom cordial thanks are expressed.

2. P ro o f o f  Theorem  2
We shall establish the implications (i) => (iv) and (ii) =» (iii). Dahlberg [3] 

proves (iv) =»• (ii) and (iii) =>• (i) is proved by Bonsall and Walsh ([3], Theorem 10). 
This then establishes the theorem of Hayman and Lyons (together with another 
equivalent condition) for a reasonably general domain without recourse to the said 
authors’ technical construction. First we record some basic facts and notations 
from Potential Theory.

Reduced functions and minimally thin sets. Let Cl be a domain in R n and F  a
subset of Cl. If v is an extended real-valued function on ft then the reduced function
R^  of v with respect to F  is the lower envelope of non-negative superharmonic
functions which dominate v on F. The regularised function or balayage R^ ( x ) is
defined to be the lim inf R% (y). If v is non-negative and superharmonic on Cl then 

y—*x
Ry is superharmonic and is clearly dominated by v on Cl and equal to v on the
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interior of F. In addition if ft' =  ft \ F  is regular for the problem of Dirichlet then 
R £ — R ?  on ft and

: f ( x ) = /  v(()uj(x,dC), a: e ft ',  
JdCl/

K  ,  ,
Idtlr

where u>(-,dQ denotes the harmonic measure of <9ft'. A subset F  of ft is said to be 
minimally thin at £ E <9ft if R„ (x ) <  v(x) for some x in ft', where v is the Poisson 
kernel Px(£) with singularity at £. For the convenience of the reader we formulate 
Theorem 3 in terms of minimally thin sets.

Lemma 4. Suppose that F  is a subset of ft and is minimally thin at £o on dCl. 
Then

dV{x)LF k ~ £ o | n
< OO.

Proof. Suppose that F  is minimally thin at £o- Then there exists a; in ft such that 
Ry (x) <  v(x), where v(x ) =  Px(£o)- Thus inf{.Rf (x)/v(x) : x E ft} =  m <  1 and

U(x) = 2

satisfies the hypotheses of Theorem 3, and the interior of F  lies in the set E  — {x  :
u(x) >  ■y(x)}. Hence

dV(x)L < 00.

We shall only consider the case where F  is a disjoint union of balls in ft. For 
each non-empty Ek in (5), let -Bfc(p) be the ball of centre Xk and radius p6(xk) 
where 0 < p < (1/ 2y/n). Clearly the J3fc(p)’s are disjoint and if E(p) =  UBk{p) is 
minimally thin at £o then a simple calculation shows that s(£o) < 00 •

(i) =$■ (iv). Suppose that p is a non-negative Borel measure on X  so that

/if (x) =  h(x) =  [  Px{Odn(0 -  
Jx

Fix Xq in ft. Since E  is a PPB set there exist nonnegative scalars Ak and x k in E, 
k — 1,2 . . . ,  with

OO

=  (6) 
k=l

Then by the monotone convergence theorem,
OO

H x  o) =  [  J 2 XkPx^ d^  
J k=1
oo ,

= E A* 
k=1 J
oo

=  A kh(xk).
k=l
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If m =  inf | p^£0) '• x  G e }  then h(x) > raPx(£o) for x in E  and so

OO
h(xo) > m  E  ^kPxk{£o) ~  m Px0{£o)) 

k= 1

by (6). Therefore, since Xo was arbitrary, inf j  p ^ 0) ■ x G > nn. Since £o was
arbitrary we deduce that E  determines point measures for all £ in X .

(ii) => (iii). Suppose that (ii) holds for all £ in X .  Then by Lemma 4 and the 
following remark, E(p) is not minimally thin at any point of X .  Suppose that 
h G h1 with sup h(x) =  0. Then h(x) =  p*(x) — u^(x) for some non-negative finite

xGE
Borel measures [i and v on X . Without loss of generality we may assume that p 
is a strictly positive measure. Thus //*(x ) <  v^{x) on E  and so

... uUx) du ,mi lim . . =  — , /i-aimost everywhere on a ,
(x) dp,

by the relative Fatou theorem for minimal fine limits, (4). Thus (f> =  jjjj > 1, 
/i-almost everywhere on X , and v{A) >  f A <j)dp, >  p(A) for every Borel subset A 
of X . Hence v — n is a positive Borel measure and h(x) <  0 on f2. This completes 
the proof of (ii) (iii).

3. The M ethod o f  Hayman and Lyons
In this section we shall study the implication (ii) =>■ (i). Note that we have only 

to show that an arbitrary Poisson kernel Px(£) can be uniformly approximated by 
sums Ylk=i ^kPxk( 0  where the A ’̂s are non-negative scalars and the Xfc belong 
to E. To see this let /  be an arbitrary positive continuous function defined on 
X . First approximate /  by the Poisson integral and then approximate p  by 
Riemann sums.

Recall that for 0 < p <  (1/2-y/n), Bk{p) is the ball of centre Xk and radius p6(xk)- 
The Bk(pys are disjoint and the domain Cl(p) =  £l\E(p), where E(p) =  UBk(p), is 
regular for the problem of Dirichlet since every boundary point satisfies the exterior 
cone condition. (We take the union over those k's for which Ek is non-void.)

Next we consider the regularisation of v(x) =  Px{£,) with respect to E{p). Using 
(ii) we shall show that R^^p\ x) =  v(x ) on Cl. Suppose instead that

v(x) >  S * M (x )  (7)

for some x. Then E(p) is minimally thin at £. By Lemma 4,

f  dV(x)
/  1------ 7T— < °°- (8)

It is now easy to see that (8) contradicts the divergence of the series s(^); we recall 
that Bk(p) =  {x  : |x — Xk\ <  p6(xk)}- Thus the volume of Bk is given by

vol(-Bfc) =  ujnpn(6(xk))n,
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where uin is the volume of the unit ball in R n. Therefore,

oo =  J 2
6(xk) \ n _  1 f  dx

\xk ~ i \ )  unpn ^  JBk{p) \xk -  i\n

since

\x -  £| < |xjb -  Cl +  radius of B k

<  \xk ~  Cl +  pS{xk)
< (1 4* p)\xk Cl*

Thus equality obtains in (7) everywhere and so

f t ( 0 =  [P ( ( i M x ,< K ) ,  ( t e n w ) .  (9)

We then use a form of Harnack’s inequality to approximate the integral in (9) by 
sums £ £ L i AfcPXfc(£):

Lemma 5. Suppose that x\ G Cl and that |xi — x 2\ =  pS(x 1) where 0 < p <  ^. 
Then if h(x) is positive and harmonic in Cl we have

\h(x\) -  h(x2)| < Aph(x 1),

where A is a constant depending only on n.

Proof. By Harnack’s inequality ([10], p. 35, Theorem 1.18), we have, with r, p 
replaced by 6(x 1), p6(x 1) respectively,

\h{xi) -  h{x2)| < h(x 1) +py _ 2 ~

< (n — l)p2n~2h(xi).

This yields Lemma 5 with A =  (n — l)2n-2. |

Integrating (7) with respect to surface area on dCl and changing the order of 
integration we note that

/ u;(x,d() =  1.
JudBk(p)

That is, UdBk has total harmonic measure 1. Next define
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Therefore

OO
î k ) - E ^ p « k )I =

fc=i
E /  (p( d )  -  
k- 1 ^Bk(p)

^ E  f  \p<(0 - P*AS)Hx,dO
JBk(p)

< A p T  [  Pc(£)w(x,<2C)
J B k(o)'Bk(p)

=  ApPx( 0 ,

by Lemma 5.
Suppose that e > 0. Choose p so small that

ApPx(£) <  £,

and such that none of the Bk{p) contain x. Therefore, there exists a positive integer 
N  such that

N

fc=i
By continuity this holds for all £' such that

|£ -  £'| < <5, (where <5 =  <5(£, N, e)).

This shows that an arbitrary Poisson kernel can be locally approximated by a sum 
of the desired form. The proof is then completed by appealing to the Heine-Borel 
theorem.

Remarks.
(i) It is clear from the proof above that the divergence of s(£) was used only to 
establish the fact that E(p) was not minimally thin at £ and thus the equality in
(9). Thus one can show that if ft is assumed to be bounded and regular for the 
problem of Dirichlet and E(p) is not minimally thin at any point of X  — dQ then 
E  is a PPB set for C + (X ). (Here we replace the Poisson kernel by the Martin 
kernel.) It is easy to see that this is also necessary. Giving a metric criteria for 
minimally PPB sets depends on the characterisation of minimally thin sets for the 
domain concerned. Ancona [1] has characterised minimally thin sets for Lipschitz 
domains but the condition is not so transparent as the series for s(£). The difficult 
part in the proof of Theorem 2 is the proof of Theorem 3.
(ii) It follows from the proof above that given a subset E  of D  satisfying (2) 
then one can compute, in principle, uniform approximations to a given Pz(£) by 
calculating the harmonic measure of the discs B{p).

4. Some Concluding Remarks

Remark 1. A natural question arises as to whether other kernels can be used for 
building blocks for C + , and whether one can prove Hayman-Lyons type theorems
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for them. After all Theorem 1 is prima facie a theorem about local approximation. 
Using convolutions one can obtain elementary approximation theorems, but we are 
a long way from proving a sharp theorem. It is easy to deduce a more general 
decomposition for C + (T), though, using the following elementary comparability 
result. Let X  be a compact Hausdorff space, and u, v members of C + (X ). Then u 
and v are said to be comparable if there exist positive constants a and (3 such that

au(x) <  v(x ) < /3u(x), for all x in X . (10)

Two subsets A , B of C + (X ) are said to be uniformly comparable if for every u in 
A  there exists a v in B such that (10) holds with a =  a(A , B) and f3 =  /3(A, B).

Theorem  6. Let A  and B be uniformly comparable subsets of C+ (X ). If A  is a 
set of atoms for C + ( X ) in the sense of (10) then so is B.

P roof. We may suppose that a <  (3 < 1. If Uk is a sequence of elements in A  
we write Vk for the corresponding sequence in B given by (10). Now suppose that 
/  G C + (X ). By hypothesis there exists a sequence of elements Uk,i in A  and 
non-negative scalars Ak,i such that

OO

/  =  ^
k= 1

Define
OO

h\ =  f  — ^ 2  
k=l

Then
(1 -  (3)f(x) <  /ii(x) < (1 -  a )f(x ), {x € X ).

Therefore h\ >  0 for all x in X .  Next note that in view of Dini’s theorem, 
Ylk= l tends to /  uniformly as N  tends to infinity, and so by compari
son we deduce that X]fc=i converges uniformly and so h\ is continuous and
in C + (X ). There also exists Uk,2 in A  and non-negative Xk,2, =  1 ,2 ,.. . ,  such that 

=  Z fc li  ^k,2uk,2- Define h2 =  hi -  J2kLi Afc)2Vfc,2-Then

(1 -  (3)2f(x )  <  h2{x ) < (1 -  a)2f(x ) , (x e  X ),

and h2 is in C + (X ). Proceeding in this way we thus obtain an infinite sequence of 
functions {hn} in B such that for n =  1 ,2 ,. . . ,

(1 -  /3)nf ( x ) < hn{x) < (1 -  a)nf ( x ), (ar G X ),

and hn =  i ^k,jVk,j- We note that hn tends uniformly to 0 as n tends to 
infinity. Therefore writing the Vfcj’s as a single sequence Vi and the corresponding 
Afcj’s as Ai we obtain

OO

/  =  ^  A^i.
1 = 1



58 NICHOLAS F. DUDLEY WARD

Since /  was an arbitrary member of C + { X ) we deduce that B is a set of atoms for
C + (X ). |

A straightforward calculation shows that the Poisson kernel Pz(€), z =  re%e, 
£ =  elt is comparable to (1 — r ) / { ( l  -  r )2 +  (0 -  t)2}. For simplicity we replace 
1 — r by a positive parameter 7 and let k {^,0 ,t) be any function comparable to 
7 /(7 2 +  (# — t)2). Then one easily obtains from Theorems 1 and 6 the following 
decomposition for C + (T).

Corollary 7. Let 7^  be a sequence of positive parameters and 9k,v cl sequence in 
[—7r, 7r]. Then the set A  =  {^{lk,v^k,v> t) : k =  1, 2, . . . ,  v =  0 , . . . ,  2n} is a set of 
atoms for C + (T) if, and only if,

°° 2fc 2

for all t in [—7r,7r]. We include in the sum only those 7*^ and 6k,v such that 
2~{k+i) <   ̂ < 2~k and Tru/2k~ 1 <  Ok,u +  l ) /2 k~ 1.

Suppose now that (pp(t) =  1/(1 4- |£|p) where p >  1, and that k(^,6 ,t) =  
7_ V P((0 — t ) /7 ). What is the analogue of Corollary 7 for these building blocks? 
Are the powers in (9) replaced by pi Using the Hahn-Banach theorem one can 
obtain the natural analogues of (7) but an ‘elementary’ proof of Theorem 1 does 
not appear to be easy.

Rem ark 2. A much more interesting problem is to prove a decomposition theorem 
for the Banach space C'(T). Plainly a decomposition of C + (X ) is also a decomposi
tion of C'(T): given /  in C'(T) we write /  =  ( 1 + /+) — ( l + /~ )  where f + =  m ax{/, 0} 
and f ~  =  m a x {- /,  0} and apply the theory to 1 -I- /+  and 1 +  / “  seperately. Al
ternatively, working directly with C(T) one can prove elementary approximation 
theorems for C'(T), and by successively approximating obtain a decomposition of 
C'(T).

In conclusion I should like to record my debt to W.K. Hayman, N. Levenberg 
and J.L. Schiff for reading an early draft of this paper, and for their sustained and 
persistent encouragement to publish it.
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