
CATASTROPHE THEORY*
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Rene Thom's catastrophe theory [15] has attracted considerable 

attention recently, partly because of claims as to its universality 

(which are sometimes exaggerated). It is primarily a theory of the 

topological structure of smooth functions and their singularities.

In applications the relevant phenomena tend to exhibit discontinuities, 

which is why catastrophe theory is often referred to as a theory of 

discontinuous change. Such applications include the buckling of 

bridges, the development of shock waves, liquid-gas phase transition,

‘and cellular differentiation: they have been stretched to embrace 

psychological disorders, the breakdown of economies, and falling in 

love. Too much emphasis on the latter misled one television reviewer 

into calling the theory "parlour-game mathematics". One of my aims is 

to demonstrate that this is not the case.

1. The Buckling of an arch

I'll begin with an example, due to E. C. Zeeman [20] , which 

will help to formulate the general mathematical problem. Some of the 

mathematics involved will look familiar to applied mathematicians, who 

long ago progressed beyond this point. They should bear in mind that
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my reason for choosing what to them seems a simplistic example is to 

motivate a very deep mathematical theory. This theory in turn justifies 

certain approximation methods dear to the heart of applied mathematicians 

(while simultaneously casting severe doubt on others). Sometimes 

progress consists of retracing one's steps and branching off in a new 

direction.

r

Figure 1 *

Figure 1 represents an Euler arch3 consisting of two rigid rods 

pivoted at a springy hinge. Start with the arch nominally horizontal. 

If the ends are compressed by a force B then, as 8 increases, there 

comes a critical value at which the arch buckles upwards (or downwards) 

Assume it buckles upwards. Apply a load a . As a increases there 

comes a critical value at which the arch snaps suddenly into the 

downwards position.

To investigate the reason for this we consider the elastic energy 

in the arch. Expanded in a Taylor series to 4th order in 0 this is

V  = e "  - 2. e3 - t o 2 * ae 
12 5

where b = g-2y and y is the modulus of elasticity of the spring, 

so that y > 0 .

The co-ordinate change

* = 9 " F(2?Tb)
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plus changes of scale in x,b,a allow us to rewrite this in the form

V = x - bx + ax ( + const.)

(This is not exactly right : the new a3b are not quite the same as 

the old ones. But no harm will be done by abusing notation in this 

way.)

Equilibrium positions of the arch are given by 

0 = —  = 4a; - 2 bx + a .
aX

Depending on (a,b) this cubic equation for x has 1 or 3 real roots. 

The graph M  of x against (a,b) is a pleated surface, shown in 

figure 2, known as the catastrophe manifold •

Figure 2.

The fold curve F occurs when

0 = 4 = 12x2 ■2b *
dX



3 2
so is given parametrically by (x3a3b) = (£.8£ , 6£ ) . This is the

geometer’s beloved twisted cubic. Its projection B on to (a,b) - 

space C is found by eliminating £ , which yields

2 3
27a = 8b

a semicubical parabola with a cusp at the origin. The curve B is 

called the bifurcation set.

If (a,2>) lies inside B then x can take three values of 

which the middle one represents unstable equilibrium; if outside, x 

can take only one. If we vary (a,i>) along the path shown the value 

of x at first stays near 0 , then increases sharply, decreases 

slightly, and falls in a dynamic snap to a negative value.

Considering this in terms of the potential V we see that the 

dynamic snap occurs when a minimum of V coalesces with a maximum and 

both disappear (figure 3).
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This situation is an example of Thom's cusp catastrophe.

2. The Mathematical Problem.

In this example we have two control variables asb and one 

state variable x . In modern mathematics we don't recognize the 

existence of variables, though, so we have to introduce the control 

space C = {(a,£>) : asb € 1R} = R  , and the state space 

X = {x : x £ TR) = ~R . We have a parametrized family of potentials

(x ) - x h - bx2 + ax

which we view as a function

V : C*X -+ ]R

where

Vab(x) = vta*b*x> •

Our first problem is that this expression was obtained by truncating 

a Taylor series to 4th order. It is concievable that taking higher 

terms might destroy the shape of the equilibrium surface M  . Certainly 

if we work only to 3rd order we get quite a different picture. For 

then we have a potential

V , (x) = - bx2 + ax

which gives a very different graph. In particular there are no 

dynamic snaps. Thus a 3rd order approximation is totally invalid.



It is exactly here that we progress beyond traditional mathematics. 

Catastrophe theory includes a test which, if fulfilled, guarantees that 

our approximate answer will be qualitatively correct (and numerically 

accurate for small values of the variables). Zeeman has said " ... 

until now the tail of the Taylor series has wagged the dog. Now we 

can amputate the tail with impunity." Of course we have to amputate 

in the right place. For functions of one variable it turns out that 

the right place is the obvious one: the first non-zero term (if it 

exists) of the Taylor series. Now our family vanishes up to

3rd order for a=b=0 , so we need at least order 4 . Since y > 0 

it follows that for small enough a>b we never get a vanishing 4th 

order term.

For functions of two or more variables it is no longer true 

(though widely believed) that the point at which to amputate is the 

first non-zero term. For example (following Tim Poston) let

, 2 _ - 1  010 1000001 
f(xsy) =  x y + 10 y

The solutions of f(xty) = 0 are just the points of the line y = 0 . 

However, the first million terms of the Taylor series for f  give us

g(xsy) = x 2y

and the equation gCx,y) = 0 has solutions x = 0 or y = 0 .

In no sense can g and f be qualitatively the same.

Let us return to the family

Vgfote) = x h - bx2 + ax .

In Thom’s terminology this family is an unfolding of

V00Cxl = xk .
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It is important not only that truncating at 4th order does not alter 

qualitatively the separate functions Vab (x) , but that it does not 

affect the fa m ily  as a whole . Now catastrophe theory assures us that 

this is the case, because this family has an important stability 

property. Sufficiently small perturbations of V h (x) do not

significantly affect the topology.

I'll try to explain the flavour of this without making a rigorous 

definition. If we take a simpler unfolding

(small e) leads to the picture 4b. The two have quite different 

topological properties - for example 4a is connected, 4b not; 4b is 

a manifold, 4a not.

then the equilibrium graph is given by

0 = —  = 4x - 2bxdX

which looks like figure 4a. However a slight perturbation

W^(x) = (xk-bx2) + ex

Figure -r& . Figure 4b.
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The unfolding ^ £ ^ 0  stable in the sense that this sort of thing 

does not happen. For example, if

L O
7 ^ 0 0  = C* -vx +ax) + ex

then we can write this as

a;4 - bx2 + (ot+e)a?

and all we have done is shift the a-coordinate a little. Although 

this particular perturbation is especially easy to deal with, the 

general case works out similarly.

We can now state the general problem. Describe, given spaces

C = IR , the control space,

X * ]Rn , the state space,

the possible stable families of smooth potentials

V :  c * x -► m  .

Smooth here means infinitely differentiable (class C“), and does not mean 

'analytic'.

3. Thom's Theorem

To state how Thom answered this question we need two concepts.

(1) Two smooth functions f  : lRn-+- IR , g : IRn -*■ IR are 

right equivalent if there is a local diffeomorphism <j> : IRn -+ IRn 

with <#»(0) = 0  , such that the diagram
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f

]Rn ----------------» ]R

4> 1

commutes: that is f(x) = g(<t>(x)) for all x in some neighbourhood 

of the origin.

Recall that <f> is a local diffeomorphism if there are neighbour

hoods UjV of 0 in IRn such that <£([/) = V><t> is a homeomorphism 

U -*■ V j and 4> and, 4> 1 are smooth on UjV respectively.

XThe local problems are most cleanly handled if we pass from functions 

to germs : see [3]) .

Thus two functions are right equivalent if we can pass from one to the 

other by a smooth reversible local change of coordinates.

(2) If f  : ]Rn -* ]R is smooth then the codimension of f  is the 

smallest k for which there exists a ^-dimensional smooth unfolding

V : x R n ir

with

= f(x) (x€IRn )

which is stable. If no such unfolding exists, the codimension is 

defined to be 00 .

The codimension thus .measures^ the "degree of instability” of the 

function f  .
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Theorem (Thom) Any smooth function f  : ]Rn -* IR , having a 

critical point at the origin, and having codimension 5 4 , is right 

equivalent (up to sign) to one of the following:

Name k f unfolding

(Morse) 0 X 2 X 2

Fold 1 x 3 x 3 + ax

Cusp 2 a:*4 x 4 + ax2 + bx

Swallowtail 3 x 5 x 5 + ax3 + bx2 + cx

Butterfly 4 x 6 + ax1* + ibx3 + cx2 + dx

Hyperbolic umbilic 3 a;3 + y 3 x 3 + z/3 + axy + bx + cy

Elliptic umbilic 3 a:3 - 3xy2 x 3 - 3xy2 + a(x2+y2) + bx

Parabolic umbilic 4 x2y + y h x2y+yk + ax2 + by2 + cx +

(Here a,b3c,d are control variables, x and y state variables).

Furthery the unfolding of f  is unique (in a suitable sense) so that 

every stable k-dimensional familys k 5 4 , is equivalent to one of 

those listed (in a similar sense to right equivalence defined above).

Remarks (1) The Morse function x 2 is not a catastrophe function. 

The other seven are Thom's elementary catastrophes.

(2) Strictly speaking we should allow the addition to any of 

these /  of a nondegenerate quadratic form.

±3?±2?±*••±3 2 
1 2 n-2

in new variables. This multiplies the topology by a trivial factor 
n-2

R  . Thus, say, the fold catastrophe occurs in IR x 1  as a fold 

curve, in IR2 x]R as a folded surface, ... and in ]Rn x IR as a "folded 

H n " . See figure 5.
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Fold in 
]R2 x 1R

Fold in IRx R

D

Figure 5.

Since trivial factors can be removed, we do not worry about them.

(In particular in the Morse case we can take / = 0.)

(3) I am using the term ’'unfolding'' very loosely.

Strictly speaking, it is the universal unfolding which matters. To 

make the notion of universality precise we must form a category of 

unfoldings. But roughly, a universal unfolding is one which captures 

all the possible perturbations of f is as economical a way as possible.

(4) Actually Thom states more than this : these families are 

generic in the sense that "almost all" 4-parameter families (an open 

dense set in the Whitney topology) are equivalent to one of them, where 

equivalence is suitably defined.

C5) The classification can be extended to codimension 5, in 

which, case four new functions appear, namely x \  x 2y-y5 , -x2y+y5
3 i+

and x + y . But for codimension 6 or more the classification becomes 

infinite (see Arnol’d [l] or Poston § Stewart [ll]) .

15Q



(6) In applications we can view Thom's theorem as saying the 

following. The function f on its own may be topologically unstable: 

small perturbations behave differently. The unfolding of f a 

however, captures all the different types of perturbation in a single 

family. Thus in a physical situation, when we observe f s we 

expect to find the rest of its unfolding too (provided all perturbations 

are in principle allowed. Symmetry conditions or suchlike can prevent 

this) . Books on bifurcation theory are full of diagrams like figure 

4a. They should consider figure 4b too since in actual fact this is 

also going to occur. More : figure 4b is "typical” in a way that 4a 

is not. And of course figure 2 is what is really relevant.

(For a ’’perturbation” application of the elliptic umbilic, see 

a fluid dynamics example due to Michael Berry, reported in [14].)

4. The Proof

I can only give the barest sketch of parts of the proof - I hope 

to make the result a little less surprising than it seems at first.

The details were not supplied by Thom when he stated his ’’theorem”, 

but have been found by the combined work of Arnol’d, Mather, Malgrange, 

and others. For full details see Brocker [3] , Trotman § Zeeman 

[18] .

First let me indicate how to compute the codimension. In simple 

cases we can use Siersma's triangle (Siersma [13]) as follows.

Consider
f(x,y) * x + y .

Compute

= 3x2 - 3y2
bx ' by y

Neglect the numerical factors. Draw the ’shadows’ of x2 and z/2 

on the diagram.
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y

Count the number of unshaded monomials, in this case 3. This is the 

codimension. An unfolding is

(x3+i/3) + axy + bx + ay

where xy3 x3 y are the unshaded monomials themselves. (Note this 

agrees with Thom’s theorem : we have the hyperbolic umbilic in all its 

glory.)

If you can see that this process is calculating an ideal J in 

the power series ring R  \.\x»yX\ , and a vector space complement K 

to it, you will see how to modify the method in general. Of course 

the proof that this does give the codimension and an unfolding requires 

much more. Roughly, the algebraic transversalrtyof J and K reflects 

a geometric transversality property of f and its unfolding, and 

transversality implies stability (and universality).

The classification proceeds by looking at the Taylor series of 

f . (Curiously, it is irrelevant whether this converges, and if it 

does, whether it converges to f . No assumption of analyticity is 

required, only smoothness.) Certain of the variables are inessential 

and can be omitted. By hypothesis the constant and linear terms are 

zero.

.1 ..variable

Let f{x) have Taylor series starting at xn 3

f(x) = axn + h(x)
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where a ^ 0 , and h is a function of order n + 1 in the sense 

that its first n derivatives vanish at 0 . Then it may be shown

that

h(x) = xn q (x)

where q is smooth. Let

<p(x) = |o| l^nx(l+q{x))l^n ,

tfL
where the positive n root is taken. Then the inverse function 

theorem tells us that <p is a local diffeomorphism. If we let 

g (x) = ±xn then the diagram

m ----£ ----- *]R

cp 1

■>IR

commutes (the sign of g being that of a) . Hence f is right 

equivalent to ±xn .

Now the codimension of ±xn is n - 2 . So we are led to 

the cases

2
±x (Morse)

a:3 (fold) 
i+

±x (Cusp)

x 5 (Swallowtail)

±x6 (Butterfly)

153



for codimension < 4 . We have lost sight of functions such as 

-1/x2
e with, zero Taylor series, But these have codimension * , as it

happens. Note that we have not found the unfolding, which is much 

harder to do.

2 variables

This is vastly more complicated, and requires higher powered 

machinery. If the quadratic terms of the Taylor series yield a non- 

generate quadratic form then the Morse lemma says f is Morse, and 

not a catastrophe. If not we look at the cubic terms. The cubic 

form may be either a product of 3 distinct linear forms \x + \iy , 

or a product of a linear form by an irreducible quadratic. These 

cases are linearly equivalent to a: - 3xy2 = x(x+V3y) (x-VZy) or to
3 q O O

x + y = (x+y) (a; -xy+y ) . By massive machinery, higher terms can 

be amputated ; thus we get the elliptic and hyperbolic umbilics.

Suppose the cubic is a product of three linear forms of which two
2 . 2 

are equal, equivalent to x y . The codimension of x y is » , so

we can assume f(x,y) = # y + h{x,y) with h i 0 . An elementary

piece of algebra allows us to change coordinates to u,v, where

f(x,y) = u2V ± tP + q(x,y)

for a function q of order p + 1 . Now we can amputate q .

The codimension is > 4  for p > 4 , which leaves only

2 *♦U V + V ,

the parabolic umbilic .

3 or more variables

The codimension is > 4 . So this case never arises .

The very brief sketch may help to explain why Thom's list looks 

like it does. A more detailed intuitive "proof" is in Poston § Stewart
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[11], along with detailed algorithms for computing unfoldings.

The deepest parts of Thom's theorem are

(a) The existence and uniqueness of universal unfoldings.

(b) The open denseness of the set of functions with elementary 

catastrophe singularities.

Part (a) depends on the notorious Malgrange preparation theorem 

(as do the games where Taylor tails are amputated).

Part (b) depends on a study of stratified sets and the Thom 

transversality theorem. Part (b) is not dealt with in Brocker [3], 

but is discussed in Trotman S Zeeman [18] .

5. The Geometry of the Elementary Catastronhes.

The seven catastrophes have very individual and very interesting 

geometry. Though space precludes a detailed analysis, a quick sketch 

of the major features is feasible. For detailed pictures see Brocker 

[3] , Godwin [8] , Thom [15] , and Woodcock and Poston [19] .

Each catastrophe V comes prepacked with its

catastrophe manifold

M  = {(<?,*) | DVq \x = 0} ,

degeneracy set

F = {(c,;c)€ M | DZV\  is degenerate} ,

and bifurcation set

B = {c | (CjX) € F for some x} .

The name for F is nonstandard : in the literature it tends not to have 

one. For the cusp it is the fold curve.
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a) The fold The bifurcation set is a single point, the catastrophe

x
/K

----> a

C B

Figure 6

(b) The cusp This has already been drawn in figure 2 . The bifurcation

set is a semicubical parabola.

(c) The swallowtail There is only room (in three dimensions) to draw

the bifurcation set, which looks like figure 7.

Figure 7. 
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Cd) The elliptic umbilic Again we draw tire bifurcation set. 

Cross-sections are 3-cusped hypocycloids, whose cusps lie along 3 

parabolic lines.

Figure 8-

(e) The hyperbolic umbilic The bifurcation set consists of two 

interpenetrating sheets, on each of which a smooth surface develops a 

line of cusps.

Figure 9.

(f) The butterfly Even the bifurcation set is 4-dimensional, so 

the best we can draw is a 2-dimensional array of 2-dimensional cross 

sections.



Figure 10.

(g) The parabolic umbilic Similar remarks hold.

11

10

N
/ \/ \

/ f b  c y
i j 4

Figure 11.



This is the most complex of the seven, and displays a number of 

interesting features. In and (2) we see the development of a 

mouth11 , which Is a slice of a cusp line ^figure 12). ,

Figure 12.

At (5) we have a "hyperbolic point" where part of the surface looks 

like a hyperbolic umbilic ; at (9) an "elliptic point". At (13) is 

a "beak to beak" singularity which is again a slice of a line of cusps, 

this time curved the other way. At (15) we see a pair of swallowtails.

The higher-dimensional catastrophes contain "subcatastrophes" of 

lower dimension, according to the following subordination diagram:

butterfly

fold
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6. Applications

The applications of catastrophe theory are very varied, both in 

subject-matter and credibility! A large number are discussed in 

[2,4,5,9,10,14,15,22,27] . Applications to elastic structures are to 

be found in Thompson and Hunt [16,17] .

The first application I shall mention is to optical caustics.

A typical caustic is visible in a cup of coffee on a sunny day: 

a bright cusped curve along the envelope of rays reflected from the 

curved surface of the cup (figure 13).

Figure 13

If the rays are displaced perpendicular to the surface of the 

coffee they form a ruled surface, equivalent to that for the cusp 

catastrophe; and the caustic is its bifurcation set.

This is true in general. Roughly, Fermat's "principle of least 

tine" provides a suitable potential function V • Since in fact 

Fermat's principle calls for time to be extremized rather than minimized 

we make no distinction between maxima, minima, or saddles. Hence, the 

whole bifurcation set appears as a caustic. Thom's theorem implies 

that in IR there are only five types of stable caustic : the fold, 

cusp, swallowtail, and elliptic and hyperbolic umbilics! The rainbow

160



is a fold ; the coffee-cup effect a cusp. The hyperbolic umbilic can 

be seen in light refracted through a periodic medium such as frosted 

glass. The other two can be obtained using curved mirrors.

Some beautiful photographs, taken by Michael Berry, are shown in Berry 

[2] and Stewart [14] .

These photographs show strong wave-like patterns of intensity 

which cannot be deduced from classical ray optics. To compute the 

intensity involves what Berry calls "putting the quantum flesh on the 

classical bones". This leads to integrals such as the following 

(near a cusp point) :

* 2
(p(a,b) =

i{x +ax +bx)^

*00 2 
where the cusp potential figures prominently. Contours of |cp| are

shown in figure 14 . They correspond closely to the experimental

photographs. This subject is surveyed in Duistermaat [6] .
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There is a beautiful application to biology due to Zeeman [23] . 

He first develops a theory of primary waves of chemical change, leading 

to secondary waves of morphological change. The primary wave is 

produced by a flow through a cusp catastrophe, as in figure 15.

Jo ?\ Figure 15.

Zeeman shows how this idea applies in detail to the formation of 

somites in amphibia. The somites are the prototype for the vertebrae 

(and some skin and muscle) and form at the same time as the neural fold 

(figure 16).

Figure J.6.



Among other things, Zeeman predicts that slowing down the 

chemistry should lead to fewer somites being formed. Experiments 

by Jonathan Cooke have verified this prediction. It seems likely 

that the idea of distorted, pre-programmed primary waves will explain 

many observed effects concerning tissue transplanted in a developing 

organism.

Of other applications a few may be mentioned wihout further 

details. The same machinery that deals with caustics is relevant to 

molecular collisions (Connor [5]) , scattering theory, and acoustics 

(see [27]). Phase transitions such as the van der Waals equation 

(Fowler [7]) or the Curie point in ferromagnetism may be formulated 

as cusp catastrophes, but the model is physically inaccurate near the 

critical point and not of itself very interesting. Magnetic reversals 

of the earth's field are possibly catastrophes (Chillingworth [4]).

The breaking wave may not be (despite Thom [15]). Turbulence may be 

a generalized catastrophe caused by a 'strange attractor' (Ruelle § 

Takens [12]). There are sociological applications (Isnard § Zeeman 

[9]), economic (Zeenan & Harrison [25]) , and psychological (especially 

prison riots [26] and anorexia [22]). Zeeman has studied the heart 

beat and nerve impulse [21] . The Seattle conference proceedings [27] 

contain a lot of interesting material. Work is in progress on at 

least two books [10,24] .
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